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Abstract

In this paper we have endeavored to indicate a general approach for the adjoint of non-linear
operators. For this purpose, we have changed the classical definition of linear operators in the textbooks.
Then we have obtained the adjoint of these operators with respect to the definition of the derivative an
operator or "Frechet derivative". Regarding to definition of the adjoint of anti-linear operators, we have
shown a general definition for the adjoint of non-linear operators. Our approach works for all of the
differentiable operator.
Key words: Non-linear operator — Differentiable operator — Adjoint operator

1. Introduction
Most of the operators we deal with in quantum mechanics, are linear. By definition, every linear
operator must have the two following conditions [1].

Alf () +g (O)1=Alf (x)]+A[g (x)] 1)
A(af (x))=aA(f (x)), @)

where a is a complex constant.

There are two different fundamental classes of non-linear operators: the first is homogeneous non-
linear operators which do not satisfy the condition of the equation (2), and the second is nonhomogeneous
non-linear operators which do not satisfy the condition of the equation (1), [2]. As an example for
homogeneous nonlinear operator, we can write

2z
Af =|f |je‘aBe-‘af—da, )
2 i

where the domain of A is the same as domain of B .

The operator A is not differentiable, so as we see further, the adjoint of this operator cannot be
defined. In fact, the point is that any differential operator which has the property of (2) is definitely a
linear operator. The argument is very simple.

In the mathematical literature, anti-linear operator or conjugate linear operator is known operators that
does not satisfy the equation (2). This operator is reminiscent of the time reversal operator in quantum
mechanics. It is well known that Dirac's bra-ket notation is not suitable for these operators [3]. There is a
report that examines this problem with a special approach [4].
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Now consider a non-linear operator B which can be defined by
BIf ()1=[f (x)I° (4)

In the nest section, we discuss on the general approach for the adjoint of the operator B .

2. Adjoint of non-linear operator

For some reasons that will be revealed later we provide another definition in equations (1) and (2) for
arbitrary linear operator A .

An arbitrary operator is linear if and only if its " Frechet derivative " is a constant number or a constant
matrix. In another statement, operator A which acting on a function f is linear if its " Frechet derivative "
does not depend on function f .

To clarify this definition, we consider two examples. At first, we consider linear operator A such that
Af (x)=f (g(x)), where f (x)and g(x) are two arbitrary linear functions. So we can write

Alf (x)+h(x)]=f (g(x))+h(g(x)) =Af (X)+Jh(y)5(g(x)—>')dy ()
The derivative of A or (DA)f (x) is given by
(DA)E (x)=6(g(x)-y) (6)

Obviously the equation (6) shows that the derivative of A does not depend on function f .
Now, consider other example.

Bf (x) =In(f (x)) (7)

One can write

B[f x)+h()]=In[f (x)+h(x)]=Bf (x)+%, (8)
X
where we used the first order of h . Therefore the derivative of B is given by
1
DB)f (x)=——
(DB)f (x) ) 9)

It is clear that the derivative of nonlinear operator B depends on the functionf .

As the complex conjugate operator is not differentiable and linear, in an orthodox manner, its adjoint is
not defined. However, perhaps one could extend the definition of the adjoint operator to include this case
as well. This definition is attributed to Wigner [5]. If we consider the usual definition for adjoint of an
operator A as following

<u|A"'v>:<Au|v> (10)

So for the anti-linear operators we should change the definition (10) as following form
<u|ATv>:<v|Au> (11)

There are some references considering nonlinear operator algebra [6, 7] with no specific suggestion to
define the adjoint of nonlinear operators. In one reference, [8], for the special class of non-linear operators
in Banach space, which most of its operators are similar to linear operators, the adjoint of these operators
is introduced on the basis of their derivatives.

At first we notice that for the nonlinear operator B , whatever B' would be, the statement
<u,BTv>shouId be anti-linear in terms of u . So we need to construct some function like )® of u, v and

B in such a way that by using the inner product, we get (u|B v >; namely
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<u,BTv>:iR(u,v,B) (12)
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But if the definition somehow resembles the definition of the adjoint operator, we expect that some
operations like the action of B on u occurs inR . The problem is that if the action of B on u is non-linear,
then it seems that there is no natural way to construct something anti-linear in terms of u, say from
(Bu) and the inner product. The reason that one could construct such a thing for linear or anti-linear B 's ,
is that if B is linear, (Bu,.)is anti-linear in terms of u, and if B is anti-linear, (.,Bu) would be anti-

linear in terms of u. So the problem is to construct something quasilinear (linear or anti-linear) inu,
from the action of something related to B on u.

One way to do this is to use the derivative of B instead of B itself. According to our definition in this
paper, if B is linear, then its derivative is a constant matrix, which its action on a vector u is the same as
B(u) , namely

(DB =B (u) (13)
For the general case where B is not linear, of course above relation does not hold. Then in the general

case of non-linear operator B , let's define B "as (DB)", that is

<u,B*v>=<(DB)u,v> (14)

But then, the problem is that (DB) is no longer a constant, if B is nonlinear operator. So the correct
form of the above relation should be

(u.[B"(F )V ) =([(DB)(f )uv ), (15)

where f issome point.
Now we come back to the equation (4), then

[B(f +6f)](x)=[(f +8F)0)] =[f (O] +2[f ()][(5F )x)]+...=

(16)

[F 0T+ [dy {2[f 0)]o (x =y )}[(SF )(¥)]+.
Which means that

[(DB)(f)](x.y)=2[f (x)]o(x —y) (17)
The left-hand side is the matrix element of [(DB )(f )]. So

{[(DB)(f )]u}(x )=jdy {[@B)(F)](x,y )}u(y)=2f (x)u(x) (18)
Then

([(DB)(f )Ju ) =fx[2f ()Y (x) = [ax[u()][2f ()Y (x) (19)
Therefore,

{[B7(F v JH(x)=[2f 0O (x) (20)
Or

[B(f)](x.y)=[2f :)b(x —y) (21)
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3. Conclusions

In this paper we have searched an original question. Is there an identified definition for adjoint of non-
linear operators? Answering this question, we have argued and indicated by using the definition of the
derivative of the operator we can obtain adjoint of the nonlinear operator. The method we have used in
this paper, is suitable for nonlinear operators that are differentiable. It seems that for nonlinear operators
that are not differentiable, there is no "natural way" to define the adjointl. Our mean about "natural way"
is preserving some of the properties of standard definition of the adjoint. For instance, in the new
definition, it is necessary to keep the absolute value of the inner product. It is clear that, a central concept
into the linear operator theory is the concept of the inner product. That is why we have used the derivative
of the operator to define adjoint of non-linear operators.
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! For example consider an operator such as A which Ay (X ) = |l//(X )| , this operator is not differentiable. One can write:

|w(X )+h(x )|2 = |g//(X )|2 +y(x)h*(x)+w" (x)h(x)+O (h) but then, the sum of the second and third term (the pseudo-
linear part) is neither linear nor anti-linear. Therefore, we don't know yet a "natural way" to define the adjoint of this operator.
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Tunneling in smooth quantum-classical transition: pure and mixed states
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Abstract
Tunneling through a parabolic repeller will be studied in the framework of the scaled von Neumann equation
recently proposed for a smooth transition from gquantum to classical mechanics for mixed states. Tunneling

probability decreases in this transition and becomes ultimately zero in the classical regime.

key words: Tunneling, Parabolic repeller, Scaled von Neumann equation
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lon-acoustic soliton waves in impinging plasma out of thermal equilibrium
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Faculty of Sciences, Azarbaijan Shahid Madani University, Tabriz
Email: mohammadgharaje@yahoo.com

Abstract

It has been shown theoretically and experimentally that in systems with long-range interactions, the Maxwellian
distribution function is no longer responsive and the non-equilibrium distribution function such as the Kappa

distribution function x should be used, which has a spectral index variable of Naverda. By applying the set x,
of collisional fluid equations and also by using the distribution function, we obtain the sputtering relationship in

such a plasma, which includes two real and imaginary parts. In the following, we obtain an equation called the
KdV equation including damping and impact parameters. We show that in the presence of the collision, the KdV

soliton wave energy will gradually decrease with the increase of x,, and with the increase of «, and d,,, the

sputtering ratio and its real part increase. Also, increasing the collision frequency will lead to a decrease of the
real part of the sputtering relationship.

keywords : Kappa distribution function, Scattering, lon-acoustic wave, Collisions
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Application and simulation of p-adic numbers and non-Archimedean spaces in physics

Khatibi, Davood?®; Modarres Mosadegh, Seyed Mohammad Sadegh?

! Department of Mathematical Sciences Yazd University, Yazd
2 Department of Mathematical Sciences Yazd University, Yazd

Abstract

In this paper, we explore the mathematical applications of p-adic numbers and non-Archimedean spaces in
physics. By defining p-adic numbers and non-Archimedean spaces and elucidating their properties, our
objective is to provide clarity to the reader. Subsequently, we introduce a mathematical approach that employs
p-adic numbers and non-Archimedean spaces to solve physics problems. Furthermore, we delve into the
applications of these numbers, non-Archimedean spaces, and non-Archimedean geometry. Finally, by utilizing
the Maple software and constructing practical code snippets, we conduct machine calculations and simulations

for the discussed scenarios.

Keywords: p-adic Numbers, non-Archimedean Spaces, Maple Software, Mathematical physics method.
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num := 2354;

den := 3625;

p:=3

valuation:= pAdicValuation(num/den, p);

result := Power (p, valuation)

result;

2354
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b)‘JJ.:J e\PJJpJ}\ JV\.GLL;J\,LQ\ML};JAJJJ&A

with(Ultrametric):

X := UltrametricSpace([1.0, 2.5, 3.7, 4.2], distfunc = (X, y)
->max(x, y));

d := X:-Distance(2.5, 4.2);

b := X:-Ball(3.7, 1.0);

# Display the results

d;
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solution := pAdicSolve(eq, x(t), p);

# Apply initial conditions

solution := subs({x(0) = 0, D(x)(0) = 10}, solution);
# Evaluate the p-adic solution at t = 4

position := evalp(subs(t = 4, solution), p);

# Display the p-adic position

position;

position =4 + 9 * 3 + 0(3?).
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[2]1A. Khrennikov; “p-Adic Valued Distributions in Mathematical
Physics“; Kluwer, Dordrecht (1994).
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Dynamical Systems and Biological Models™; Springer, Dordrecht
(1997).
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# Load the NumberTheory package
with(NumberTheory):

p:=3;

terms=10;

MyFunc := 1/(1 - x);

series := pAdicSeries(MyFunc, x = 0, terms = terms);
# Display the p-adic series

series;

O S RSP~ R VRTPL IS S P-TE
1+ 3*X + 9*xX"2 + 27*x"3 + 81*x"4
+ 243%XN5 + T29%X\6 + 2187*X"7 + 6561*Xx"\8 +
19683*x"9 + 0(x"10).
o terms; MyFuUnc p . L Llg o o8

\,MQM:\MJGU‘#;UAJJ\;,\;%J:
iled el s Do 4

53 o 7 lae Jodlpds slae 5 a8 askad L OLL Lo
oBL sy SOskP sl Bas s 1y B s
S Jm et A e

with(NumberTheory):

# Define the variables and parameters

t:=4; #time

m:=2; #mass

F:=7; #force

p:=3; # p-adic base

# Define the p-adic position function x(t) as an univariate
function

X = unapply(x(t), t);

# Define the p-adic position equation

eq := m * diff(x(t), t$2) = F;

# Solve the equation using p-adic calculations
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The effect of temperature and pressure phenomena on electromagnetic induction
transparency in a quantum dot with flat cylindrical geometry

Rafiei Chaharborj, Farshid!; bakhshi, Zahra®"
1&2pepartment of Physics, Faculty of Basic Sciences, Shahed University, Tehran, Iran

Abstract

In this paper, we theoretically investigate and demonstrate electromagnetic induction transparency (EIT)
in a quantum dot with a quantum disk geometry assumed to be a flat cylinder. Subband energy levels are
obtained in the presence of a perpendicular magnetic field. Based on the calculated energies, we study
absorption spectra, scattering spectra and group index under the influence of a combination of external
factors such as magnetic field, laser field hydrostatic pressure, temperature and quantum dot confinement
lengths.

Keyword: electromagnetic induction transparency; quantum dot system; Temperature and hydrostatic
pressure
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Solution of Radiative Transfer Equation in Heterogeneous Tissue
Based on Kubelka-Munk Theory

Alireza Mohammadian Pourtalari

Department of Physics, Tabriz Branch, Islamic Azad University, Tabriz, Iran
E-mail: amp_pprc@yahoo.com

Abstract

The interaction of electromagnetic waves with biological tissues is the most fundamental physical
interaction in biology, and its study is expected to have a significant impact on the regulation of the life
process, but due to the heterogeneity of the molecules in the biological hull environment, it is not possible
to apply Maxwell’s equations analytically, so approximate methods and radiation transfer theory should
be used. In this paper, an approximate solution for the propagation of electromagnetic waves in
biological tissues has been presented by a mathematical modeling based on Kubelka-Munk (K.M.) theory.
This theory is an approximation of the radiation transfer equation that explains the emission of diffuse
and isotropic radiation through a homogeneous medium to a thickness d along the z-axis, regardless of
the reflection of light from the tissue boundary surface. In mathematical calculations and modeling, the
thermal effects due to the interaction of the electromagnetic wave with the heterogeneous tissue have
been neglected and the intensity of the beam within the tissue is considered according to Lambert's law.

Key words: Radiative Transfer Equation, Mathematical Model, Heterogeneous Tissue, Kubelka-Munk
Theory.

1. Introduction

The interaction of electromagnetic waves with tissue is the most basic physical interaction in biology,
and it is expected that the study of the propagation of electromagnetic waves and their biological effects
will have a significant effect on the regulation of the life process. When electromagnetic waves collide
with biological tissues, part of the beam is reflected and the rest enters the tissue. The reflected light acts
as a mirror and a scattering. In mirror reflection, the angle of reflection is equal to the angle of light
emission, but in reflective reflection, the reflected light has irregular reflection angles. Since the surface
of biological tissues, such as skin, is uneven, the latter is practically considered. After light enters the
tissue, both absorption and scattering processes can occur and their extent depends on the optical density
that controls the amount of beam permeability [1].

The interaction of electromagnetic waves with biological environments depends on the thickness of the
layers and the optical properties of the different tissue layers, which is itself a function of the wavelength
of the incident radiation. For wavelengths much larger than the cell diameter, the scatter is smaller than
the cell structure [2].

To facilitate the mathematical description of this distribution, we consider the radiation of the beam on
the tissue as parallel beams that shine perpendicular to the surface of the tissue, and assume that the
scattering and absorption centers are uniformly within the tissue. Although the theory of radiation transfer
allows a good description of the scattered and absorbed beam, its general solution is not possible, so
approximate solutions are considered to solve the radiation transfer equation in a sample (biological
tissue). In this paper, with a mathematical modeling based on K.M. theory, an approximate solution for
the propagation of electromagnetic waves in biological tissues is presented.
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2. Geometry of the radiation
The geometry of the radiation of an electromagnetic wave descending on the sample in the distribution
of monochromatic radiation at location r(x, y, z) and in the direction S(8, ¢) is shown in Figure (1):

irradiation &

Figure 1: Geometry of the incident radiation on the sample

Accordingly, the single-distribution radiation function L(r, s), which represents the amount of radiant
energy passed per unit time from the surface unit perpendicular to the vector S in the unit of spatial angle,
can be written as follows:

L(r,s) = Ly(r,z) + Lg(,5) (1)

Where L, (1, z) is the parallel radiation remaining at r in the z direction within the tissue and Ly (r, s) is
the scattered radiation at location r and in the direction S within the tissue, which are defined as follows:

dLy(r,z)
prrT_ 2
dZ pr(rPZ) ( )

dLg(r,s) 5= , '
—a = S.VL(r,s) = —yLg(r,s) + yf D (s,s")Ls(r,s") dQ + yP(s,2) + L, (7, 2) (3)
In these relations, y is the attenuation coefficient, ®(s,s’) is the phase function of the biological
environment and dQ is the differential element of the spatial angle in the spherical coordinates (df2 =
21 sin 6 d6d¢). Equation (2) shows the attenuation of the parallel beam L, (7, z) due to direct absorption
and scattering in the tissue. The first expression to the right of Equation (3) indicates a decrease in the
intensity of the scattered beam due to absorption and scattering. The second expression indicates an
increase in the intensity of the beam in the direction S due to light scattering from all directions to this
direction. The third expression also shows the increase in beam intensity in the S direction due to light
scattering from the z direction to this direction. The integral of the function L(r,s) with respect to the
differential of the spatial angle df2 at a given interval (4 estradians) shows the radiant flux:

Fo = [ L(r,s)dQ 4)
3. Kubelka-Munk theory
Radiation flux in K.M. theory consists of two fluxes forward (F,) and backward (F_), which are
defined as follows:

F, = [L(r, $)S.ZdQ , F = fL(r,s)g. (=2)dQ (5)
The total flux is obtained from the sum of two fluxes F, and F_ :
F=F,+F (6)
The forward and backward scattered photon fluxes are obtained from the following differential
equations:
dF, dF_
PP —Agm Fy + Sgy Fy + Sgm - P —Agm F- — Sgm F- + Skm Fy ©)

Where, Agy and Sy, coefficients are called the Kubelka-Monk absorption and dispersion
coefficients, respectively.
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Figure (2) shows a schematic of two diffusion fluxes (forward flux and reverse flux). The forward flux
(F,) is in the direction of incident radiation and the forward flux is (£_) in the opposite direction [3]:

F A F +ZF

"

F+ p! A F+"ZF+

&, ,

Figure 2: Schematic of forward and backward fluxes
The answers to the differential equation (7) are as follows:
Fi(2) = ciie7" 4+ ci2e™7 , F(2) = 18777 + cppe™V? 8

The coefficients c;1,c¢12,C21 , €22 are the members of a matrix differential equation in transport theory
and y the attenuation coefficient [4]. Equation (8) show that with increasing tissue thickness in the
direction of z (direction of average incident radiation), the forward flux decreases and the backward flux
increases due to the absorption and dispersion of the biological environment.

4. Optical properties

There are several methods for obtaining the optical properties of biological tissues based on quantities
such as trajectory intensities, reflectance, and scatter. These methods are generally divided into two
categories of direct and indirect methods [4]. In direct methods, « and g coefficients are measured
without considering the mathematical model for the optical properties of the texture and only using the
experimental design scheme. Figure (3) shows a schematic of the calculation of the optical properties of a
and p based on K.M. theory, in which the values of R and T are obtained first by experimental
measurement of the optical quantities of reflected and transmitted beams. Then, using a mathematical
model, the optical properties of bioavailable tissue are calculated. Because the photons absorbed by the
tissue cannot be detected, so the measurement of the absorption coefficient @ based on experimental
methods is very difficult [5]. In indirect methods that show how the electromagnetic wave is scattered in
the tissue, a theoretical model is used and with the help of mathematical modeling, the optical properties
of the biological tissue are calculated. The advantage of using this mathematical modeling is that the
absorption coefficient @ and the reduced scattering coefficient g(1 — g) are obtained indirectly, where g
is the heterogeneity coefficient of the biological tissue and is a measure of the scattering anisotropy.

Biological Tissus Mathematical
~

Measurement Model
Scattered
Fadiation Ny | '| R.T U_“l E.M. Theory ﬂ

Computation of
AKM ' SKM

a
B(1-g)

Optical Properties

Figure 3. Scheme of calculation of optical properties of tissue in indirect method

For g =1 , the scattering occurs completely forward and for g = —1 , the scattering occurs
completely backward, and for g = 0, isotropic scattering occurs. The range of g for most biological
tissues is between 0.7 and 0.99 . Based on the proposed model, for fully forward scattering (g = 1):

Y = [Aky + 24y Skm]*/? 9)
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Assuming that the phase function is homogeneous in this modeling, the amount of beam intensity at
the distance z from the tissue surface decreases exponentially due to scattering with attenuation
coefficient y , but its radial shape does not change. It can be written according to Lambert's law:

I(r,z) = Iy(r)exp(—yz) (10)
From Equations (9) and (10), the electromagnetic wave intensity is obtained as follows:
I(r,z) = Io(r) exp {—z[Agm (Agn + 2 Sem)]?} (11)

5. Results

The condition for using K.M. theory is that the electromagnetic wave is propagated in the form of a
beam and is wide, so we consider radiation as a Gaussian curve in which the maximum radiation intensity
is at its center and gradually it decreases around. If the electromagnetic wave strikes the surface of
biological tissue in the form of a Gaussian wave, the intensity of the beam deep inside the tissue will be as
follows:

—272
I(r,z) = I, exp( Wrz ) exp { z[Agm (A + 2 Sgm)] 1/2} (12)

This equation shows the intensity of the electromagnetic wave propagated within the biological tissue
in the proposed mathematical model in terms of K.M. coefficients.

The results show that in the process of interaction of electromagnetic waves with biological tissues,
both absorption and scattering factors are involved, but because the role of scattering is very small
compared to absorption, so f = 0 is often considered. From relations (10) and (12) we have:

—272
I(r,z) = Iyexp (W_rz) exp { z[Agm (A + 2 Sgm)] 1/2} (13)

The advantage of modeling done in this paper based on K.M. theory is that the absorption and
scattering coefficients a and 8 can be obtained directly through the reflection and transfer coefficients R
and T (measured by experimental methods).

Akm =@ =D Skm » Skm == l [M] (14)
The coefficients p and g are obtained from the following equatlons.
2_m2
p= BT = 2 - 112 (15)

The final results of the calculations in the proposed mathematical model give the following relations
for the optical properties of the biological tissue:

1-R+R?-T?
a = _AKM = [—2R ]SKM (16)
1
_ [1+7R+R?-T? _ 4R T?-R? [ 1+R*(1+R?) 2y _ 2Pl 1
p _[ 6(1-g)R ] KM ™ 32(1-g)(1+R2-T2) = [ T2 +2(+R)-T ] +6(1—g)AKM (n
6. Discussion

In mathematical calculations and modeling, the thermal effects due to the interaction of the
electromagnetic wave with the biological tissue have been neglected. Depending on the time of irradiation
and the maximum temperature of the tissue, these effects can cause changes in the physical and chemical
properties of the tissue and cause damage. Also K.M. theory is one-dimensional modeling and the angular
distribution of the beam intensity I(Cos6) is unpredictable. Using other approximate theories such as
Beam Broadening Theory, the value of variance W?2 can be considered as a function of z and changes in
the shape of the radial distribution of the electromagnetic wave can be considered.
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Particle-Goon Solitary waves from nonlinear Klein-Gordon equations

Shafiee, Seyed Sina'; Ahmadi, Fatemeh'; Norouzi , Farzaneh'
' Department of Physics, University of Shahid Rajaee Teacher Training, Tehran,
" Department of Mathematical, University of Shahid Rajaee Teacher Training, Tehran

Abstract

Non-linear evolutionary equations in mathematics- physics are intensively studied and investigated due to their
important role in all majer of science. Solitary and Soliton waves are special solutions of nonlinear wave
equations whose energy density is localised. In this article, we are going to use the hyperbolic tangent method
to obtain solitary or soliton solutions of a non-linear Klein-Gordon equation as an example, and also to study
and check the localised of the energy density of these solutions.

Keywords: Klien-Gordon equation, Soliton waves, Solitary waves, Hyperbolic tangent method
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Solving Nonlinear Heat Conduction Equation in ICF by investigating the
Effect of Quantum Correction of Electron—lon Collision Frequency

Alireza Mohammadian Pourtalari

Department of Physics, Tabriz Branch, Islamic Azad University, Tabriz, Iran
E-mail: amp_pprc@yahoo.com

Abstract

Absorption of laser energy by plasma is one of the basic mechanisms in inertial confinement fusion and
electron-ion collision is special importance in this process. Quantum correction of electron-ion collision
frequency is an important effect that is included by considering the role of inverse bremsstrahlung process in
calculations. This article investigates the effects of quantum correction on characteristic features of nonlinear
heat conduction equation in the Deuterium-Tritium (D-T) fusion reaction. Following the studying of the
classical collision frequency, it was found that the modified quantum collision frequency leads to a decrease in
the fusion threshold energy. The results obtained for the ion temperature and the fusion threshold energy
showed the improvement of the conditions for inertial confinement fusion reaction. Another estimate was made
for Hydrogen-Boron (H-'!B) fusion reaction.

Key words: Quantum Correction, Collision Frequency, Heat Conduction, Inverse Bremsstrahlung, Threshold
Energy.
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MODIFIED GEOMETRICAL OPTICS IN A CURVED SPACETIME

M. M. Baghaiefard
Isfahan University of Technology
mehdi.baghaiefard@ph.iut.ac.ir

Abstract

In this article, the propagation of high-frequency monochromatic beam of circularly polarized
electromagnetic waves in a curved spacetime has been studied. At first, the standard geometrical
optics is investigated; That is, we consider the waves with infinitely high frequency. In this step, it
is found that the trajectories of light are null geodesics. Secondly, the geometrical optics is
modified. For this end, by considering the polarization of light, helicity-dependent correction on
the geometrical optics is included. As a result, we realize that the modified wave vector is null.
Furthermore, the trajectories of light are null non-geodesic paths.
Key words: Circular Polarization, Helicity, Curved Spacetime, Geometrical Optics, Modified-
Geometrical Optics.

1.Introduction

The propagation of circularly polarized beam of light in a gravitational field has been a matter of
study in the past several years [1-6]. As we know, the propagation of electromagnetic waves in
general relativity is obtained by investigating Maxwell equations in a curved spacetime. But,
finding an exact solution to Maxwell equations in such spaces is a formidable problem. When the
electromagnetic wave is highly monochromatic over a region of spacetime, we use an asymptotic
short- wave approximation. In qguantum mechanics, this method is known as WKB approximation
and in wave optics is called geometrical optics approximation. This approximation is valid when
the reduced wavelength (wavelength/2m) is much smaller than any characteristic scales (such as
the curvature of the wave front, the size and duration of the radiation beam and the radius of the
spacetime curvature) in the problem.
we begin with the Maxwell equations in a curved spacetime. we write the Lorenz condition and
wave equation for the potential 1-form. we select an ansatz for the potential and put it in the Lorenz
condition and wave equation. Investigating these equations, we conclude that in the leading order
of the geometrical optics approximation,, light ray paths are null geodesics [7]. But, if the light
frequency is very high but it is finite, we modify the geometrical optics by including helicity-
dependent corrections on phase function of the potential ansatz. Considering this approach, we
find that the modified wave vector is null and the ray trajectories of circularly polarized light in
this approach are null but not geodesic.

In this article, the metric has signature (—, +, +, +), vectors and differential forms are denoted by
boldface letters, the inner product of two vectors a and b is defined as (a, b) := g, a*b”, with

a? = (a, a) and we shall use geometrized units c = G = 1.
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2. Null Tetrads and Maxwell Equations

2.1 Null tetrads and Polarization forms

We consider the null tetrads {I, m, m, n} satisfying the normalization conditions:
ILn)=-1,(mm) =1, (1)
while all other scalar products vanish. It is necessary to mention that there are some freedoms in
selecting such null tetrads. Of course, there are some conditions which fix gauge ambiguity in the
choice of these bases. It is important to mention that to have a suitable frame to measure the
quantities along the ray trajectories, the bases should be Fermi-Walker transported. Volume 4-
form and three polarization 2-forms ©(®, a = 0,1,2, are defined as [5]:

e=ilAmAmAn, (2)
7® =mAan 70 =—-(UAn-mam), @ =I1Arm. (3)
For the electromagnetic field 2-form F, Maxwell equations in the absence of electric currents can
be written as dF = §F = 0, in which d is the differential operator, § =* d = is the codifferential
operator and * is the Hodge star operator. We define [5]:

Fo =_[F —io(x F)], 4)
in which o = +1 is the helicity parameter of the field related to right-handed and o = —1 is
related to left-handed circularly polarized waves. Since in our 4-dimensional spacetime with the
defined signature we have *xF = —F, we can write *xF° = icF°. Then, F*1 and F~are self-
dual and anti-self-dual complex electromagnetic fields, respectively. For these fields we have
dF° = 6§F° = 0. Using the coefficients ®Z, we can express F° in terms of the basis 2-forms (®
as [5]:

Fo =Yoo ®Im@ . ()
The exactness of F° and using Poincare lemma we can define the complex potential 1-form A°
as F° = dA°. The Lorentz gauge condition is §.A° = 0.

2.2 Field equations
We start with the following ansatz for the potential 1-form of the electromagnetic field:
is®

A°=aee, (6)
in which a® is the complex amplitude 1-form which varies slowly, S€ is the real phase function
(eikonal function) which varies rapidly and € « 1 is a dummy expansion parameter that helps to
track order of terms: a term with €™, for some integer n, varies as (A/€in)™, Where /€ ,in <
1. Here A is the reduced wavelength (wavelength/2x) and #,,,;,, is the minimal of the characteristic
scales of the problem. It is important to mention that we skip the helicity index ¢ and our
calculation will be for the wave with right-handed polarization. For left-handed one, it is necessary
to change € - —e and a — a . Putting the ansatz (6) into Lorentz gauge condition gives:

x*x(PAxa)—iexd*xa=0, (7)
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in which P := dS is the wave form. Also, the field strength F can be written as:
iS

F=<Zee, ®)
in which

Z =B —ieC, B:=PAa, C:=da. €)]
It is easy to show that:

1 IS

8F = e—zlee j, (10)
in which

j=t—*[PA*x(aAP)] —ie[x(PAxda) —xdx(aAP)], (12)

is the truncated current 1-form up to the first order €. Note that the symbols =° and =1 indicate
that we have kept the equations up to zero order and first order of the parameter e, respectively.
Maxwell equations in current free spaces are satisfied if j = 0. This point reaches us to the
following field equation:

P%a — ie[(V'R)a+ 2PY (V,a,)e#] = 0 , (12)
in which , is the covariant derivative associated with the spacetime metric g,, and e* are
covectors. It is necessary to mention that some conditions are needed to be imposed on the fields
depending on the point that either they are self-dual or anti-self-dual. For the self-dual field we
should have:

FHlomg@ = (13)
which " o " indicates the inner product of two differential 2-forms [8]. It is necessary to note that
the gauge condition A » A + d¥ which ¥: = epe’S/€ and v is a scalar function, preserves the
physics of the problem. This gauge condition will help us to find vector polarization in geometrical
optics approximation.

3. Geometrical Optics

At first, we keep the equation (12) up to zero order of the parameter of expansion. so, we have:
pP2=00. (14)
This means that P is null. If we interpret P, = VS as the momenta canonically conjugated to x4,
we can identify the equation (14) with the Hamilton-Jacobi equation with an effective Hamiltonian

defined as follows [9]:

1
H(x*,B,) = guP*P". (15)
Let x%(4), which A is an affine parameter, be an integral curve of P%, P* = dx"/dA, then the
Hamiltonian equations give the trajectories of light in the geometrical optics limit:
D? d? d d
rYoou .Y u w 4 a B _
o X=X +Faﬁd)1x X =0, (16)
in which F“aﬁ are Christoffel symbols. So, in the geometrical optics approximation, the

trajectories of light are null geodesics.

4. Modified Geometrical Optics

In the next step, we modify the geometrical optics by including first order correction in wave
vector, P = P, + €P;. If we put this in the equation (12), we have:

(Po + €P1)%ap, + €(Py + €P1)?ay,

2i€ [(Py + €P1), Vg, + a0,V (Po + €Py),| =" 0. (17)
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Now, we split this equation order by order in e. At first, we have P,* = 0. Here, we put P, = L.
If we put this result into (17) and use the relation a,, = fozo,, by some simplifications we obtain:
(LPy) — ilVZ,HV,zp, = 0. (18)
Using the condition (13) and the mentioned gauge condition, we can imply that z, = m.
Therefore, we get:

(LPy) — il'm*V,m, = 0. (19)
Using the property of Fermi-Walker transportation, the second term on the left hand side is zero,
then we have (I, P,) = 0. Therefore, we can write:

P? = I? + 2¢(1,P,) =0. (20)
This indicate that in the modified geometrical optics, the wave vector correction up to the first
order of € is null. Up to now, we find that P = I + P, so we have (P — eP;)? = 0. Like the
geometrical optics section, we introduce the Hamilton-Jacobi equation:

H(x",B,) := (P — €P;)2. (21)
Inspecting the effective Hamilton equations, we obtain:

2 .
DD? x* = eo(V*P,, — V,PM)xV. (22)

Which means in modified geometrical optics the trajectories of light rays are null non-geodesics.

5. Conclusion

In this paper, we studied the propagation of circularly polarized high-frequency electromagnetic
waves in a curved spacetime. We found that in the geometrical optics limit, the trajectories of light
rays are null geodesics. But, modifying the wave vector up to first order correction, we concluded
that the modified wave vector is null and the ray trajectories of light are null non-geodesics.
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Statistical Investigation of Electronic Density of Laser-Air Interaction System Using

Saha Relation in Local Thermodynamic Equilibrium
Alireza Hemmati Ahooee V, Ebrahim Hajiali ¥ , Nader Amiri Rad ¥ and Davod Shahabi ¢

1-¢ Department of Photonics, Faculty and Research Institute of Basic Sciences, Imam Hossein Comprehensive University, Tehran, Iran

| @lirezaht41@gmailcom), ¥ ehajiali@ihu.ac.ir), r maderamiri@ihu.acir), ¢ shahabi phy@gmail.com)

Abstract

Investigating complex systems and accessing information has been of interest to researchers for many years.
The system in question in this study includes the investigation of plasma produced by laser interaction with
matter. Air is the material of choice for plasma production in interaction with lasers. We used the Nd:YAG laser
for incident beam to interact with air material. By interaction of the laser with air, plasma was formed. Later,
the plasma density of the plasma obtained from the interaction of the laser with air can be investigated.
Therefore, in order to determine the electron density by SAHA method, the electron temperature must be
calculated, and the plasma temperature was calculated by the spectral line pair intensity ratio of plasma

temperature equal to 2.6479x10* Kelvin. The electronic density was 2.5914x10°cm™® measured using Saha
equation.

key words: Laser-plasma interactions, Plasma temperature and density, Laser spectroscopy, Saha equation
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Entanglement of a generalized GHZ state in non-inertial frames
Hamzeh Ofi, Rezal!; Afshar, Dawod!?; Ashrafpour, Mehrzad!2

! Department of Physics, Faculty of science, Shahid Chamran University of Ahvaz, Ahvaz
2Center for Research on Laser and Plasma, Shahid Chamran University of Ahvaz, Ahvaz

Abstract

In this research, we first obtain the density matrix of a generalized n-qubit GHZ state where m components of it
are accelerated. Then the entanglement of a special case, GHZ state, with one and two accelerated components
is investigated. The entanglement is observed to be a decreasing function of the acceleration parameter. Hence,
the entanglement recorded by a non-inertial observer is less in comparison to the one recorded by an inertial
observer. Moreover, the reduction of the entanglement of the system with two accelerated components is more
than the systemwith one accelerated component.

Keywords: entanglement, non-inertial frame, Unruh effect, generalized GHZ state
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Using scattering matrix in calculating Hamaker coefficient for the electrolyte slab
region beyond bulk approximation

Moradian, Ali'; Seyedzahedi, Asrin?

! Department of Physics, Campus of Bijar, University of Kurdistan, Bijar

Abstract

Applying the scattering approach, the Casimir interaction per unit area across a nonlocal slab of an electrolyte
between two semispaces of ordinary materials has been investigated. Since the Maxwell’s boundary conditions,
are not sufficient, additional boundary conditions are used as well. For polystyrene semispaces at small
separations, increasing the concentration results in intensifying the Casimir pressure. It is illustrated that for
silver substrates the Casimir pressure has the same amount for two electrolyte concentrations. At small
separations for polystyrene semispaces, the Hamaker coefficient has two different magnitudes corresponding to
two concentrations, but for silver substrates the Hamaker coefficient starts from the same value for both
concentrations

key words: Casimir interaction; Hamaker coefficient; Nonlocal slab; Scattering approach.
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Determining the mass of the tetraquark cqcqg using the Bethe-Salpeter equation

Ghasempour arany, Aliasghar; Monemzadeh, Majid; Tazimi, Narges

""" Department of Physics, University of kashan

Abstract

Tetraquarks include diquark and antidiquark. In this article, we investigated the tetraquark cgcg and

considered it as a diquark, antidiquark system. potential is used, the Hellmann potential is added to the Spin
term, and the effect of spin is also taken into account. With the help of Bethe-Salpeter equation and using the
method of the ansatz, the mass of the tetraquark cqcg has been calculated for different casesJ®™ , which is in

good agreement with other articles and is close to the mass of the tetraquark x (3872) and v (3940).

key words: Tatraquark, Bethe-Salpeter equation, Ansatz method, Hellman potential
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Effects of Lifshitz exponent and hyper-scaling violating exponent
on effective potential for classical geodesics

Hakimi, Homayon; Saffari, Reza; Mohammadi Mozaffar, M. Reza

Department of Physics, University of Guilan

Abstract

We study the classical paths of null and time-like geodesics in nonrelativistic backgrounds with nontrivial
Lifshitz and hyper-scaling violating exponents. For a large class of such geometries, there exist physical
geodesics which do not reach the boundary of the spacetime. In particular, the corresponding effective
potential, which governs the behavior of classical path, diverges near the boundary for specific values of
Lifshitz and hyper-scaling violating exponents.

Keywords: geodesic, Lifshitz exponent, hyper-scaling violating exponent
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Exploring the spin chain's evolution under Dzyaloshinskii—Moriya interaction in parity-
time symmetry

Vahidi, Moein'; Sadeghi, Fatemeh?; Najmaei, Arash?; Motamedifar, Mostafa!

! Fuculty of physics, Shahid Bahonar University of Kerman, Kerman
2 Fuculty of physics, University of Isfahan, Isfahan

Abstract

In both theoretical and experimental physics, the description of the states of matter from the perspective of the
characteristics related to the localization phenomenon has opened up fascinating and alluring avenues. One of
these characteristics is preserving the information of a quantum system's initial state, which is of course crucial.
In this regard, we investigate and study the occurrence of this phenomenon in a quasi-crystal spin chain, the
origin of which is the dynamic evolution of this system, in the present investigation. The non-Hermitian extension
of Aubrey-André has been used to accommodate the Dzyaloshinskii-Moriya interaction for the Hamiltonian
description of the system in order to apply the quasi-periodic conditions of the chain. This non-Hermitian

extension is viewed as a mixed potential with parity-time symmetry, that is, V (x) =V "(=x). In this chain and at

the beginning, the quantum state of the particle in the middle position is distinct from the quantum states of the
other particles. The spread of the intermediate particle state to additional particles has been explored using the
system's wave function profile evolutions in order to determine locolized and non-locolized phases.

key words: Pseudocrystal systems, Localization, Dzyaloshinskii—-Moriya interaction, Parity-time symmetry
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Presenting a statistical model using multiple regression equation to predict the gain of
soft x-ray laser

Ghani-Moghadam, Ghazaleh

Hazrat-e Masoumeh University, Qom
Abstract

From the laser plasmas produced from the interaction of the high-power laser with the target surface, soft X-
ray laser are emitted, which has many applications in industry and medicine. In order to create the maximum
efficiency of the output soft X-ray laser, the parameters of the pump laser should be optimize. Emission
optimization for practical purposes requires extensive numerical simulations based on hydrodynamic equations
and state equations, which is computationally difficult. In this research, a solution to this problem is presented
using a machine learning based model to predict the amount of soft X-ray laser with a multiple regression
model. In a double-pulse laser, the intensity and width of pre-pulse and main pulse and the time difference
between the two pulses are effective parameters in the output X-ray production. In this research, by using the
multiple regression equation, the dependence of the gain coefficient on the pump pulse parameters are
investigated and a statistical model for predicting the gain coefficient of soft x-ray laser based on the feature of
pump pulse is presented without numerical solution of complex hydrodynamic equations.

key words Laser Plasmas, Soft X-ray Laser, Multiple Regression Equation
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Abstract

The classical correlation function of Liouville vertex operators on a Riemann surface withgenus g 1
is related to the on-shell value of the Liouville action functional on the same Riemann surface but with the
insertion of conical points at the location of those operators. In this work, using the results of [1,2], we
study the appropriate classical Liouville action on a Riemann orbisurface using the Schottky global
coordinates. We also study the first and second variation formulas for this action on the Schottky
deformation space and show that this classical Liouville action is a Kahler potential for a special
combination of Weil-Petersson metric and Takhtajan-Zograf metrics which appears in the local index
theorem for Riemann orbisurfaces [2].
Key words: Liouville Filed Theory, Correlation function of vertex operators, Schottky uniformization,
Takhtajan-Zograf metrics

1. Introduction

Two dimensional Conformal Field Theory has proven to be a useful tool in both physics and
mathematics. Arguably, one of the most intriguing applications of CFTs in mathematical physics is to the
geometry of surfaces: This is most clear in the Liouville conformal field theory introduced by Polyakov
[3], which can be regarded as a quantum theory of geometry in two dimensions [4,5]. Complete
conformal metrics ds2 = e®®®|du|? on a Riemann surface (RS) X are classical fields of this theory,
and the Liouville equation R ;.2 = —2e7% 950, = —1 is the corresponding Euler-Lagrange equation;
here R > denotes the Gaussian curvature of the metric. According to the uniformization theorem, the
hyperbolic metric on X is the unique classical solution of the theory and one can consider this classical
solution as the critical point of a certain functional defined on the space of all smooth conformal metrics
on X. In string theory this functional is called the Liouville action functional and its critical value — the
classical Liouville action.

The definition of the classical Liouville action is a non-trivial problem: Since ¢ (u, u) is not a globally
defined function on X, but rather a logarithm of the conformal factor of the metric, the “kinetic term”

| 0,0 |*>du A du does not yield a (1,1)-form on X and, therefore, can not be integrated over X. When X is
a punctured Riemann sphere, one takes advantage of the existence of a single global coordinate on X [6].
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However, for the case of the non-zero genus, one has to use a global coordinate, provided by the Schottky
uniformization of X [7]. Once the action functional is defined, one can quantize the Liouville field theory
(LFT) using the method of functional integration [4,5,8-10]:

1
(X) = fcM(X)D(pe 2 L9,

Here S[¢] is the Liouville action functional and the integration goes over CM (X) — the space of all
smooth conformal metrics on X. The quantity (X) has the meaning of a partition function and as such
plays a normalization role only.

Obijects of fundamental importance in LFT are given by the correlation functions of Liouville vertex
operators V,(u) = e®®W with different “charges” a. These correlation functions are essential for
calculating the scattering amplitudes of non-critical bosonic strings [3] as well as for many other
applications (see e.g. [11,12]). As another example for the importance of these correlation functions, let
us point out that the probability of n point particles colliding and forming a BTZ black hole in Ad S5
reduces to the problem of calculating the 2n-point correlation function of heavy Liouville vertex operator
on the Schottky double of the time-symmetric slice [13].

In the so-called “geometric approach” to the quantum Liouville theory, first proposed by Polyakov [14]
and later developed by Takhtajan [4,5,8-10], the summation over smooth metrics with the insertion of
vertex operators should be equivalent to the summation over metrics with singularities at the insertion
points, without the insertion of the vertex operators! In other words, (un-normalized) correlation functions
of Liouville vertex operators on the Riemann surface X are defined by

(DVay (1) - Var ) = [ e, (X)@d,e—z—,ihsam'

where CM 4 (X) is the space of all smooth conformal metrics on X,.cq: = X\{xy, ..., x,} Which have
conical singularities at the insertion points and S, [¢] is the appropriate Liouville action functional that
needs to be defined. Note that in the classical limit, the correlation function (V,, (x1) ...V, (X)) is
dominated by the exponential of the classical Liouville action S,[@] where @: = ¢ 1assical-

Therefore, for the special values of “charges” a;h = 1 — mi 2 < m; < oo, the correlation function

(Va, (x1) - Vg, (x,)) is equivalent to the partition function (O) of the LFT on a (possibly punctured)
orbifold RS O of type (g; my, ..., my; np); here n, is the number of orbifold points (i.e. 2 < m; < »),
ny, is the number of punctures (i.e. m; = o), and n = n, + n,, is the total number of marked points. For

the special case of punctured Riemann surfaces of type (g, n), the classical Liouville action S,[¢], as
well as its first and second variations, was studied by the authors of [1]. Here, we will generalize their
results to the case of Riemann orbisurfaces (both compact and with punctures).

2. Preliminaries

Let O be an orbifold RS of type (g > 1;my, ..., m,,; n,) by which we mean an “underlying Riemann
surface” X of genus g together with a finite set of n = n, + n, marked points and the association of an

order of isotropy m; = 2 to each marked point. We denote by m the vector (m,, ..., m,) of orders of
isotropy with 2 < m; < --- < m,, (see [15-17] for more details). Since O has a non-zero genus, it cannot
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be covered with a single chart and, as mentioned in the introduction, the proper definition of the classical
Liouville action on O requires working with its planar coverings.

One such planar covering is given by the upper half-plane H which is the universal cover of O. In this
case, O is given by the orbifold quotient H /T where T is a cofinite Fuchsian group of first kind with
signature (g; my, ..., My; ny,). An important property of I is that it is isomorphic to the orbifold

fundamental group 1 (0) and has a standard presentation with 2g hyperbolic generators, n, elliptic
generators of orders my, ..., m,,,, and n,, parabolic generators (see [2,18,19] and references therein).

Another important planar covering is provided by the Schottky uniformization of the underlying RS of O

(see e.g. [7,19]). Let the underlying RS X be given by the quotient /X where Q c C is the so-called
region of discontinuity and X is the Schottky group of rank g > 1 — i.e. a free, finitely generated, strictly
loxodromic, discrete subgroups of PSL(2, C). A Schottky group X with a relation-free system of
generators Ly, ..., L, is called marked. Two marked Schottky groups are called equivalent if they are

related by conjugation with Mdébius transformations. The set of equivalence classes of marked Schottky
groups of genus g is called the Schottky space of genus g and will be denoted by &,,. Finally, for every

marked Schottky group, there exists a notion of fundamental domain D c Q that is a (connected) region

in C bounded by 2 g disjoint Jordan curves Cy, ..., Cy, Cll, ...,Cfg with C; =-L;(C),i=1,..,g9.

Consider the covering map mx: 0 = X. By inserting punctures/conical points of the same order at the
locations correspondlng to all pre-images w; € 7y 1(xl) of each marked point x;(i = 1, ...,n), we get a

planar orbifold RS Q which covers 0O—ie. 0= Q/Z [20]. We will also denote the restriction of Q to

the fundamental domain with D. Note that since H is the universal cover of O, the planar orbifold RS Q
A

itself will admit H as its universal cover; we denote this covering by J: H — Q. The covering map J

A
effectively describes the Fuchsian uniformization of Q and its behavior near marked points will play an
essential role in our study. Finally, following the same method as in [1, Sec. 2.3], we can define the
generalized Schottky space G, (m) of Riemann orbisurfaces of type (g; m4, ..., my,;np,) as a

holomorphic fibaration j: &, ,(m) — S, with fibers that are configuration spaces of n = n, + n,,
labeled points.

3. Kahler Potentials for Takhtajan-Zograf Metrics

The Kéhler potentials for the i-th elliptic Takhtajan-Zograf (TZ) metric [2], a)?lzl,i, and j-th cuspidal TZ

metric [21,22], a);’;]p on S, ,(m) can be expressed explicitly using formulas provided in references

A
[1,2]. These formulas depend on the first Fourier coefficients of the Fourier expansions of J: H — Q at
N2
the i-th orbifold point and j-th puncture, respectively. More specifically, we have h; = |]§L)|mi(i =
o), hy = P1PG =n, +1,..,n—1),and h, = J|*. Now, let £, be the k-th relative
duallzmg sheaf on &, (m) (see [1, Sec. 3.2]). It turns out that the quantities h; ‘(i = 1, ...,n,) and

h;(j = n. +1,...,n) determine Hermitian metrics in the holomorphic line bundles £y, k = 1, ..., n (see
[20,1]).

4. Classical Liouville Action
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Let X be a marked normalized Schottky group of rank g 1 which uniformizes the underlying RS of O.
The classical Liouville action for such a closed RS was defined in [7] as (also see [10])

Vv 1 — Vv o1 9
(2)S ¢ - o w® 2 e? dw dw Tk , Ckngl ®
g
where D is the fundamental domain of the marked Schottky group £, D - Cr Cg,

0,109 © llog L;( 2 log lkz L—f‘dw gdW fork 2 g
Lk 2 L !
k L k
and [, is the lower left-hand element in the matrix representation of L. This classical Liouville action is
independent of the choice of a fundamental domain D for X and determines a smooth function on &,,.

In order to define the classical Liouville actionon D @, one needs to regularize the area integral in (2)
which diverges due to the asymptotic behavior of ¢ near marked points w;. We do this in the same way
as in genus 0 case (see [6,23]):

g
@Sm ¢ Spy @ 3 0,00
Here
v 1 2 _ N 1T 1 dw dw
A @ _— —_— e ———
SDreg % gl”(;l 2 De w® e’ dw dw 2 i1 1 m; ngD wow; wow;
Ne 1
2r 1 — ?loge 2mn, € 2log loge
j 1 m;

n
i ww w; €,andD. D 1wahere Di w w w; €.Thisregularization
L

provides a “modular anomaly ” for the Liouville action which means that S;;, ¢ depends on the choice of
representatives inX  w;  w, and no longer determines a function on the Schottky space ¢,, m (see
[20,1]). The more precise statement is that the regularized Liouville action S,, ¢ determines a Hermitian

metric eSm ® T in the holomorphic Q-line bundle £ Lfl LZ” over &,, m (see [20]). Here,
h; 1 % denotes the conformal weight of the Liouville vertex operator corresponding to the i-th

2

marked point.
5. Results and Discussion

. R, mn : . : :
Let us define H h'flm1 hneem ®hp, 1 hy, it follows from the discussion of Sec.3 that H defines a

Hermitian metric in the holomorphic Q-line bundle £. Combining this fact with the discussion of Sec.4,
we conclude that the combination §,, S;, mlogH determines a smooth real-valued function on

Syn m . This means that exp = m @ gives the correct classical contribution to the correlation
2T

function (1) of heavy Liouville vertex operators and the invariance of the action S,, ¢ under the
permutation of marked points with the same order of isotropy is consistent with the physical requirement
of indistinguishability of vertex operators with the same conformal weight.

Theorem ([20]). Let and be the (1,0) and (0,1) components of the de Rham differential on S,, m .
The following statements hold.
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(i) The function §;, @ on S, , m satisfies S, 2R where Risa (1,0)-formon&S,, m .
(if) The function &, ¢ on G,, m is a potential for the special combination of Weil-Petersson and
Takhtajan-Zograf metrics:
42 s
Sm 2V 1<(UWP Ta)?éslj E

Ne

m;h;wsy i)

i1

Some remarks are in order: 1- The (1,0)-form R is constructed from a combination of so-called “accessory
parameters” and “auxiliary parameters” (see [1,6,12,20] for definitions and more details).

_ H cusp H : cusp cusp _ :
2- The symplectic form w;,"on S,, m is defined as the sum w7 Wrzn, 3= The special

combination of WP and TZ metrics in the above theorem, with the overall factor of é , IS precisely the
one that appears in the local index theorem for families on orbifold RS for k. 0 1 (see [2, Theorem 2]).

This last remark is consistent with the fact that the Hodge line bundle is holomorphically trivial over
Sy m and suggests that a generalization of Zograf’s theorem in [24, Sec.3] is true for the case of orbifold

RS. More concretely, we suggest that the function §,, ¢ on S,;, m determines a holomorphic Q-line
bundle A, on the moduli space M, ,, m of Riemann orbisurfacesoftype g 1 my;  m,, n, with
Hermitian metric sch» Where 11 ¢,  exp 8, 12m (here 1 is understood as the corresponding
section of the trivial line bundle on S, ,, m ). The Hermitian Q-line bundle (4. scn)is isometrically
isomorphic to the Hodge line bundle equipped with Quillen s metric over Mt ,,, m . This is consistent with
the expectations from scattering amplitudes of string theory (see e.g. [25]).
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Generalized coherence and construction of arbitrary qutrit state

Mani, Azam*
! Department of Engineering Science, Collage of Engineering, University of Tehran, Tehran
Abstract

We have introduced the concept of generalized quantum coherence, and within the generalized structure, we have
defined incoherent states and incoherent operations. Then by considering a qutrit system (a A-shapa atom), we
have shown that, starting from the maximally coherent state, by applying incoherent operations, any arbitrary
qutrit state can be constructed, and in this way we have explained the connection between generalized coherence
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and source theory of coherence.

key words: Quantum coherence, Maximally coherent state, incoherent, resource theory
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Unitary transformation in beams splitter

Gholami, Nafiseh'; Ahmadi, Elnaz'; Bazrafkan, Mohammad reza'

! Physics group, Imam Khomeini International University, Qazvin

Abstract

In this paper, we derive the unitary transformation operator of the lossless optical beam splitter. The usual
method of deriving this operator is the application of the Jordan-Schwinger representation for the angular
momentum in terms of two bosonic operators. Here, using the method of integration in ordered products and
assuming only the transformation of the boson operators of the input modes in abeam splitter in the Heisenberg
representation, the desired unitary transformation is calculated directly in terms of the beam splitter

transformation matrix.

key words: beam splitter, unitary transformation, Lie group representation

SIS Sl pl by [V X2 o o5 S 0 Ly o @
Sl 4L SO w(2) SIS o5 S S G
SN LI s a4 5B SIS o 5 s 4S5k Oles
S Ll o B8 o5 3 Sl (52555 4L i
LBt U G bas b1y 5355 80k Sdor ol S

— 2
Qp = Zs:l Tr,sas
st gla Shae ar,0y SV das osd OSde S Sl

75

PRV

a5 g 635, bl gla auls &5 [Tlyo S LS

23 sk el LLa,

r=12 )



Wi o bt (1) SeadS 0o L Lo o (93555 4000

e

a, =57 T.a (0)
s=1

[£] sbt 51 eslizad L

Urlag,ap) = |y, 0),

p=la), (| ®|a),,{a]
= 72:6(dy — ag,a] — af )6(dy — ap,df — 03 )
dsp o 5 el b sl (3l e ey 10T 3 S

ol Sy s ey

. f d%z d?z =S Ak G —ay) >0, w(af—af )
p=| ——=e¢ e
c T 7

S8 Upa,Uf = 37 6T Jds 5l sslizal L 0]

QY

Gl ke i 5 ol o s U} = Upi o2
vy = Zka,kzka ap = ZETMC%
Do S et &S Y oy =) U@ ssls s
pﬁ)ﬂuﬂ s |y s S e (V) s e Sle
i f d2 d v d2 UQ ZW(W ay) Zw( al—ay)
PP = JeTr o '
309 S a8 s4d e edalie (V)L ams ) aulis L
S5d g B (0) St aaeB L L Cow

Ur oy, a9) {0y, 00 |U:Tr = |ay, ap) {0y, 0.

Jd Shes £l S
Sl S b Bl Up G b befies s ol 3
bl s sl S b T s e le b OIS
ol 5l sl b ol S Uk = Upt 5 (V) Lo 4 s
i Ol e (0) e 5 {E) usden la S ()l

(= 0 [ 20 | e

_ d2a1 f d*oy

dO[z

|, ) (y,anl,

|, ) (o, s
= Zsﬂ.’sas QT BES S
sl 5wl G wsl Jlal Ol 4 esdes sla

—da'a

[t]ess Ols  [0)(0] =€

Of 2 0L ) S 30 il RS (pueidd
pd (o oL 1P oY o5 \T—1Y

7t Iranian Conference onMathematical Physics !

76

o

Fpth

ol o s

2 Sl () (SKadS alaly a7 s il 63555 sla <S5
Ll LSl s o405 eader Sl i

A~ N A~ 2 N
Uya,Up = T4, )
s S inla el 5o b Slas o el aiile el oy
bl S Gl 5 Dl L Al sl s
S b gl ol Up Lo s e S
sl s
Sl b sl ol IS 65 S S 38 e oy s
f‘.}‘” S yd 5).) L».L;‘ 39 J\LML U(Q)L;"Ki o}jf

r=12

0P ol a s b Vs la OIS a1 s

oAl Sl a5 L s ol 5L bl o
s K a iy el 2X2 SIS

T —exp(3 50,0 [y 1)
S5k sl
S esS sladdge oS cul nl [Y]os 8 (608 Cila, chines
o e Sl Ol L {Ur ]SS s
ESI S {Jf} —g oA gl e S1 il sl
=S S
(€3]

0, € R, ™

J"L"L‘h [UT]M}J""}W;’L‘ [UO}U‘ )545

t=0,123

R 1 . A
Ji = 52% [0 ]m al,
r,s

Ol Oly oo Sole a J8b la il bl Ly, 5l
o L sl ol e S 5 ol Ll ol
[‘](Ja‘]r] =0, [Jra‘]s] = i€7'7s7t=]t> r,s =123
Colhs 5 Sl Ll s 4 51 (1) ladpe s S5
s A s e T e b S S e 1
S o ol s 6,8 IS LSS 5 eslizad U bl s
Sl A SIS Jas by slp 5 ol i [Y] <5

oS

ot gla > Lus

(S S o5 5 (V) s alaly 5l eslinad b Lgs I

S esdes la Sl &S CE ol ‘U} :[ij



Py

& S 4o
Sl sl S s Slhas 035 Ihg @l Jsare 555
Sl Shas Ko pim0s 2 Jled 5,08 OBl s OIS
G505 Slade o Ja3p Shes 53 e gl asls oS >~
So3 a3 s opl s ol b Adl e SIS L«
Gl 4oL & ks gl b ls Sas o8 3505 aas )l
Ok el 53 a3l u(2) 655 5l il Ll s
Ll oy S cnl Siules  lai 5 ) sla o S Slsl, 5l eslinal
s 38 ol G el ey L ol s 55 esle
Flos 52 68 ol e glac,o Jol 0555 6,5 1SS

el S 5 ool wlia

b
[[1] Essential Quantum Optics, Ulf Leonhard, Cambridge University Press
(2010).
[2]U. Leonhard, “Quantum statistics of a lossless beam splitter: SU(2)
symmetry in phase space”, Phys. Rev. A 48 (1993) 3265.
[31 H. Y. Fan, H. L. Lu, Y. Fan, “Newton—Leibniz integration for ket-bra
operators in quantum mechanics and derivation of entangled state
representations”, Annals of Physics, 321 (2006) 480-494.
[4] W. Vogel, D.G. Welsh, “Quantum optics”, Wiley (2006).
[STH. Y. Fan,” Permutation operators in Hilbert space gained via IWOP
technique” J. Phys. A: Math. Gen. 22 (1989) 1193-1200.

7t Iranian Conference onMathematical Physics

7

Of 2 0L ) S 30 il RS (pueidd
pd (o oL 1P oY o5 \T—1Y

Fpth

[ AT

JRE— Lo_ o, ~p 1 2 )
9 _—
|0417042)(a1,a2| =e 2(\a1\ + )e 2(\a1\ + o] ) "

PR e ot o
eoqal' +and) . e—(al(l1+ag(12) _eafal-&-aé‘az

S s bl Jlg sl e e 1100 3 S

spboe aidy 5 I8 Vb sl T Los sl 03

_ _ —la \2+[Zdiﬂ,1)al+dla1*
|, ) (o, 00| = : e !

i il

2 ~f S %
—lao "+ a) T, o (oo +asa A At
[o | [; T r.Z} 2 T A2 26—<a1a1+a2a2) )

e
LS s 25 oS ISE s s Jeol 4 nl il
Lpd oo dpuloe vf;Lw

T

N dQCJél oy [? +[Z i, ]al +ay0f
Up = [[£9, X
cC m

it ok ,
s ot T2 905 (i)
c m

~ Z dj ( Tr,s _611,3 )(i5
= Up =e™ :

ol o [Ny ]l s s 0] s sbewl 3l eslizud L 048]

gwlﬁf

Ed,,Amdg] = exp| Y d [ —1] ol
r,8 r,8 ’

I ly o ) 2X2 5K Sl 0 Sl a5 b
3ph g ey aaly b s S Shee w5 ()

exp

7 3 R R
5225:0 etz ay [oy ]r,s a;f
r,s

UT = exXp

S 55 Oldge ke lad 5 5 sla Shae iy a3

~ 1 R R
‘]t = 527.80’7‘ [O—t ]7"3 ai?

R
UT = exp(iZfzoﬁtjt).
SIS Sl s S esS sl A ()
Gl ool s s GG Sas s & IS ol 4 iz
St AR s osb e Bl ey S el SL

g



e

7t Iranian Conference on Mathematical Physics

Of 31 (0L 5 S 3o i HS Cpuoiid
FCR2 ST+ CR ] 2% QUL S] 4

{ }J“p" ;,

L;Q.‘S‘js C...JLS/J} 41-:\.«} 4.350:-”‘,5 }ﬂ) 63}3 (‘ﬂ,*) 6\-«.«3 6}\.«»63\.&

REPRSRPTIN) S Slads iyl
e olSils Lol O olCils Wiy ol [0, 505 sl
naymajd@ut.ac.ir ashafaie@ut.ac.ir

(AT 2y

o A~

e L Lo Il df@b*@/ﬁwwmw@“wﬁkmdﬁ @ ) oS Sl (G oS it La oS S (i oilS 50 a7 (Slaas ST
ool glaciSTy Sl solézal b Ol oo |y otil 35 1o s (M) sle b i oS G ol oo DL ety ol 3 il SCs Lol STl oz oo
25 (s lwesly

il S Holar slacis, o5 ey g i ol sS Slewloea s la o 15 LIS
Implementing a (3,2) quantum secret sharing schema using quantum walks

Shafaie Ardakani, Arash'; Majd, Nayereh!
! School of Engineering Science, University of Tehran, Tehran
Abstract
Quantum secret sharing algorithms are algorithms used to share a quantum state amongst several receivers so
that it may only be retrieved via the cooperation of a certain number of said receivers. In this text we will show
that a (3,2) quantum secret sharing schema can be implemented using quantum walks.
key words: Quantum computation, Quantum secret sharing, Quantum random walks
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Quantum estimation of Rabi frequencies in a A-type three-level atomic system in the
presence of electromagnetically induced transparency

Hosseiny, Seyed Mohammad?; Rangani Jahromi, Hossein?; Amniat-Talab, Mahdi*

! Physics Department, Faculty of Sciences, Urmia University,P.B. 165, Urmia, Iran
2 Physics Department, Faculty of Sciences, Jahrom University, P.B. 74135111, Jahrom, Iran

Abstract

In this paper, we address the problem of quantum estimation of Rabi frequencies in a three-leve/ A-type atomic
system that satisfies the conditions of electromagnetically induced transparency (EIT), in which the linear
absorption is eliminated. Moreover, in order to improve quantum metrology, a powerful but simple tool, the
Hilbert-Schmidt speed (HSS), is introduced and its relation with the quantum Fisher information (QFI) in this
system is investigated. Furthermore, it will be shown that by using different parameters of the system, one can
achieve an improved quantum estimation.

keywords: Quantum statistical speed, quantum Fisher information, electromagnetically induced transparency,
Hilbert-Schmidt speed.
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Probing the initial phase of teleportation channel through teleported qubit

Rangani Jahromi, Hossein®; Hosseiny, Seyed Mohammad?; Amniat-Talab, Mahdi?

1 Physics Department, Faculty of Sciences, Jahrom University, P.B. 74135111, Jahrom, Iran
2 Physics Department, Faculty of Sciences, Urmia University,P.B. 165, Urmia, Iran

Abstract

The initial phase can carry important encrypted information or reveal the nature of the process preparing the
initial state; therefore, estimating it more accurately is of special importance. In this paper, we explore the
initial phase of a teleportation channel, realized by two topological Majorana qubits, using two mathematical
tools, i.e., quantum Fisher information (QFI) and Hilbert-Schmidt speed (HSS) which are calculated for the
teleported qubit state.

keywords: Hilbert-Schmidt speed, quantum Fisher information, quantum teleportation, quantum phase
estimation.
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The impacts of channel doping concentration on nano DG-MOSFETS by the non-
equilibrium Green’s function method

Morteza, charmi®; Ali Mohamd, Niku?

! Department of Quantum, University of malek Ashtar university of Technology, Isfahan
2 Department of Crystal Growth, , University of malek Ashtar university of Technology, Isfahan

Abstract

This paper presents the effects of p-type body doping concentration on a symmetric double-gate MOSFET with
9 nm gate length, using full quantum simulation. The simulations are based on self-consistent solution of 2D
Poisson equation and Schrddinger equation with open boundary conditions, within the non-equilibrium Green'’s
function formalism for a wide range of channel doping concentrations The simulation results show that the
higher body doping improves the nano parameters of the MOSFETS .

key words: double-gate MOSFET, non-equilibrium Green’s function, channel doping concentrations
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The amplification of squeezing in the output beams from a degenerate parametric
amplifier based on the nonlinear coherent state approach

Noury, Azadeh; Tavassoly, Mohammad Kazem

Optics and Laser Group, Faculty of Physics, Yazd University, Yazd,
Abstract

In this paper a degenerate parametric amplifier has been considered and it’s response to the standard coherent
light and the nonlinear coherent light has been investigated and compared to each other. The nonclassical
properties of the output beams from this system such as the first and the second order squeezing and the photon
statistics are particularly investigated based on the nonlinear coherent state approach and compared to the
linear coherent state approach. According to the calculations done for both of the linear and the nonlinear
coherent states, the beams are squeezed in the first order in position quadrature and are squeezed in the second
order in momentum quadrature. While the squeezing gets rather stronger considering the nonlinear coherent
state, the photon statistics are super-Poissonian in both cases.

Keywords: Degenerate parametric amplifier, Nonlinear coherent state approach, Squeezing, Photon statistics.
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Golfeshan, Hossein; Nikoofard, Hossein; Nikoofard, Narges

Institute of Nanoscience and Nanotechnology, University of Kashan, Kashan
Abstract

In this paper, we investigate the spin and valley transport of electrons in the ferromagnetic-normal-ferromagnetic
junction of the ~-pmmn borophene monolayer. A gate potential is applied to the normal region and two exchange

fields are applied to the terminals via the ferromagnetic substrate. By plotting the transmission probability and
polarization, we observe exchange magnetic field causes spin polarization in transmitted electrons. In this system,
increasing the transverse wave vector increases the Fermi energy range with fully spin polarization. Also,
applying the gate potential causes the valleys to be separated from each other, which is one of the advantages of
borophene monolayer compared to graphene monolayer. Because in graphene, it is necessary to apply strain to
the system to split the valleys. In this system, we can control the spin and valley polarization by changing the
Fermi energy or the size of the potential barrier. Therefore, borophene monolayer has a good ability to be used
in spintronic and valleytronic devices and can be useful as a valley and spin filter.

key words Quantum transport, Borophene monolayer, Spin filter, Nanoelectronic
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Analytical and numerical calculation of filter function for non-classical
Fock states quasi-distribution

Soori, Ashkan'; Nahvifard, Elahe' ; Bazrafkan, Mahammad Reza'

! Physics group, Imam Khomeini International University, Qazvin
Abstract

The definition of non-classicalness through the Glauber-Sudarshan function has an operational problem. The
Glauber-Sodarshan function is not always a smooth and well-behaved function, and sometimes it is a
generalized function, so it is difficult to measure it directly or indirectly. To apply this definition, we must look
for better conditions. We define a filter function for this task. Here, we introduce a new filter for the non-
classical quasi probability functions of Fock states, that depends only on the absolute value of its variable.

key words :non-classicality states, quasi probability functions, Glaber-Sodarshan function, filter function
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BTZ BLACK HOLE AS A SOLUTION OF GENERALIZED SUPERGRAVITY
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Abstract
This paper is devoted to a study of solutions of generalized supergravity equations in dimension three.
Our candidate is the metric of BTZ black hole. It is shown that only the cases of J =0,M =0and

J =0,M = 0of the metric satisfy the generalized supergravity equations. In the former case, we obtain a

family of solutions including the field strength, dilaton field together with an appropriate vector field I,
while in the latter case we are dealing with two cases of solutions.

Key words: String theory, Generalized supergravity equations, BTZ black hole

1. Introduction

Supergravity is a modern field theory that combines the principles of supersymmetry and general
relativity. 10-dimensional supergravity theory describes the dynamics of massless string excitations and
arises in string theory as low-energy effective theory. It has been recently found new string backgrounds
which satisfy a more general set of motion equations of the ordinary supergravity. This set of the
equations, which are a generalization of the type 1IB supergravity equations, are called the generalized
supergravity equations (GSE). Notice that the main difference between the ordinary supergravity and
GSE is the absence of a scalar dilaton. The GSE were found in [1] in order to investigate the integrable
deformations of the Ads,xS°® type Il superstring sigma model [2-5], which are closely related to non-

Abelian T-duality transformations [6-9]. This generalized system in string theory includes extra vector
fields as well as the standard component fields of the type 1IB supergravity. So far, the corresponding
classical action has not been discovered, and only the equations of motion are presented. Tseytlin and
Wulff in [10] showed that the GSE can be reproduced by solving the kappa-symmetry constraints. In fact,
the result obtained by them shows that kappa-symmetry of the Green—Schwarz action requires the
background supergravity fields to satisfy the GSE.

Let us give a brief introduction to the GSE. In the absence of the R-R fields, the set of GSE in D
dimensions take the following form [1]:

1

R, —ZHMHVPU +(V, X, +V,X,)=0, (1)

1

EVﬂvH/@uv—X j'H/Luv_V,u>(v_‘_vv)(,u:0' (2)
1 1

R—EH2+4V#X”—4XHX‘+2A=O, X, =l,+Z, (3)

where R and R are the respective Ricci tensor and Gauss curvature that are calculated from the metric
G, , and Ais the cosmological constant. Here, the D-dimensional indices x, v,...of coordinates x “are
raised or lowered with the metric G, . The covariant derivative V  is the conventional Levi-Civita
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connection associated with G . A vector field | =145, and a one-form z =z dx* are defined so as to
satisfy

£G,, =0, 0
£B,, =0, 5)
vZ,-V,Z,+1"H,, =0, (6)
172, =0, @)

where £ stands for the Lie derivative. The field strength H = corresponding to anti-symmetry tensor

field B is defined as
H,,=0B,+0B,+0,B,. (8)

Hvp u-vp
The conventional dilaton is included in Zﬂ as follows:

Z,=0,0+B, 1", )
where @ is a scalar dilaton field hiding inside z . Note that the equations of motion in formulae (1)-(7)

reduce to the conventional supergravity ones if one sets 1 “ =0. As mentioned above, in Ref. [1], it has
been shown that the GSE are related to non-Abelian T-duality transformations. In addition, one may refer
to the paper [11] in which a solution of standard supergravity with a linear dilaton has been mapped to a
solution of the GSE by performing a formal T-duality transformation along a direction. These results
indicate that solutions of standard supergravity and the GSE should be treated on an equal footing in the
context of string theory, because the T-duality is a symmetry of string theory. Here, in the present work,
we obtain some new solutions for the GSE including special cases of the BTZ metric, the field strength H
and dilaton field @ together with an appropriate vector field 1 . In this way, we obtain a family of
solutions for the J =0,M =0 case of the BTZ metric, while for the case of J =0,M =0 we obtain two

families of solutions. Indeed, by choosing the vector field | from our point of view, the cases of
J=0,M =0and J =0,M =0don't solve the GSE.

2. BTZ metric as a solution for the GSE
In what follows that we shall show that the BTZ metric with J =0,M =0and also J =0,M =0can be

considered as solutions of the GSE. It should be noted that the cases of J =0,M =0and J =0,M =0don't
solve the GSE. Before we proceed any further, let us introduce the metric of BTZ black hole.

2.1. BTZ metric

The BTZ black hole discovered by Banados, Teitelboim and Zanelli [12] is a 2+1-dimensional solution
of Einstein's equations with a negative cosmological constant, mass, angular momentum and charge. The
BTZ black hole is asymptotically anti-de Sitter rather than asymptotically flat, and has no curvature
singularity at the origin. The line element for the black hole solutions is given by

2 2 2
ds? = (M —,r—z) dt? — Jdtd ¢+ r?d ? +(|r—2—|v| +%)1er, 0<p<2r, (10)
r

where the radius | is related to the cosmological constant by | =(—=A)™2. The constants of motion M
and J are the mass and angular momentum of the BTZ black hole, respectively. The line element (10)
describes a black hole solution with outer and inner horizons at r =r, and r =r_, respectively,
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r, =I(M7)”2 {11(1—(%)2} : 11)

where the mass and angular momentum are related to r =r, by M =(r?+r?)/1? and J =2r,r /1. The
solutions with -1<M <0, J =0 describe point particle sources with naked conical singularities at r =0.
The metric with J =0,M =-1may be recognized as that of ordinary anti-de Sitter space; it is separated by
a mass gap from the J =0,M =0. The vacuum state which is regarded as empty space, is obtained by
letting the horizon size go to zero. This amounts to letting M — 0, which requires J — 0. We have to
notice that the metric for the J =0,M =0black hole is not the same as AdS,metric which has negative
mass M =-1.

2.2. Solutionwith J=0,M =0

Below we discuss the solutions of equations (1)-(7) and possessing the BTZ metric with J =0,M =0.
As we will show, our solutions are, in general, given by a family. Before proceeding to do this, let us first
write down the BTZ metric with J =0,M =0. Using relation (10), it is given by

r

2 I?_
ds? =— E dt® + r’de? +Fdr2. (12)

According to equation (4), the vector field I is a Killing vector or a linear combination of the Killing
vectors corresponding to metric (12). The Killing vectors K, of the metric can be derived by solving

Killing equations. They are then read off

2 |4—r2t2—r2(02|2
K1=|_2(rwr _t¢at)+ r2|4 a(p’ K2=t6t_rar+w¢l K3=a¢,1 (13)
1 +r°t° + r’p1?
K4= 2r2 1d at—rtar+t¢8(p, K5=I2wt+ta(p’ KGZ_IZat,
Here we apply the Killing vectors (13) to construct an appropriate vector field as follows:
I =O{lKl+...+O{6K6, (14)

that can be a suitable candidate for solving the equations (1)-(7). It should be noted the fact that the BTZ
solutions must be single-valued in the angular direction, but this is not the case for all values of
parameters ¢, . Therefore, we choose solutions that do not have this problem.

By considering the field strength H and dilaton field @ as
Hr‘tgo:_%V (D:C()y (15)
for some arbitrary constant c,, we solve the GSE (1)-(7) with the metric (12). The equations are then

satisfied if the vector field | is obtained to be
| =—a,l?0, + a0, (16)

in addition, the constants A and lare related as A=2/12.

2.3. Solutions with J=0,M =0
The BTZ metric with J =0,M =0 is simply found by using the formula (10), giving us

2 2
ds? = (M —,r—z) dt2+r2d(p2+(|r—2—M ) idr2. (17)
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Now, one may obtain the corresponding Killing vectors to construct the vector field | similar to that of
(14). Our solutions are classified into two special cases. In both cases of solutions, the anti-symmetry
tensor field B is considered to be

2

B :-rl— dt Adg. (18)

The corresponding field strength is simply calculated to be H =—2r /1 dr Adt Ad ¢. Here, the forms of
our solutions including the metric (17) and field B (18) are given by the following two cases A and B:

Case A: In this case, the GSE (1)-(7) are fulfilled with the metric (17) if the dilaton field @, the vector
field I and cosmological constant A can now be expressed in the following forms

®=C,, | =—al%0,, A:I%+2Ml4a62. (19)

Case B: In this case of solutions, the dilaton field @, the vector field 1 and cosmological constant A are
read off

O=C,~lagMt, | =0

x

A:I%+2Mlza12. (20)

3. Conclusions
In this work we have obtained some new solutions for the GSE with the special cases of the BTZ
metric. We have concluded that the cases of J=0,M =0and J =0,M =0 of the metric don't solve the

GSE. For the J =0,M =0case, we have obtained a family of solutions including the field strength H,

dilaton field ® and a vector field | as was presented in equations (15) and (16). Furthermore, we have
found two families of solutions for the case of J =0,M =0. Our results show that the solutions are

single-valued in the angular direction.
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Construction of Mechanics on Embedded Surfaces

Dehghani, Mehdi'; Ghahreman, Zahra?; Monemzadeh, Majid?

! Department of Physics, Faculty of Science, Shahrekord University P. O. Box 115, Shahrekord, Iran
2 Department of Physics, University of Kashan, Kashan, Iran

Abstract

We show how the classical and quantum mechanics can be built on procedures in the configuration space and
the phase space with the constrained and the symplectic embedding method. We construct classical mechanics
in the form of a first class, so that quantum mechanics resulting from it becomes a quantum theory by gauge
symmetry. It is done by the process of first-classization of a general pair of second class constraints in a chain
structure.

key words: Gauge Theory, Embedding, Quantum Mechanics, Symplectic, Wess-Zumino Variable.
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Geometric Quantum Mechanics

Seyed Ebrahim Akrami
Mathematics Department, Semnan University, Semnan, Iran
akramisa@semnan.ac.ir

Abstract

We introduce observables and the counterpart of Schrodinger equation over a symplectic manifold.
We show that there exist periodic solutions for this equation whose frequencies are their energy over
Planck’s constant and moreover they are stationary orbits.

Key words: Symplectic manifold. Schrodinger equation. Stationary state.

1. Introduction

It is well-known among mathematical physicists that a complex Hilbert space can be regarded as a
special symplectic manifold and that Schrddinger equation associated to a quantum Hamiltonian is
nothing other than the Hamilton equation for the associated expectation-value function as a function over
this special symplectic manifold.

In this paper, we extend this fact to over a general symplectic manifold. We introduce observables and
the counterpart of Schrodinger equation over a symplectic manifold. The later is nothing other than the
Hamilton equation of an observable Hamiltonian. We show that there exist periodic solutions for
Hamilton equation whose frequencies are their energy over Planck’s constant and moreover they are
stationary orbits.

In 1997, Ashtekar and Schilling extended the above program by regarding a complex Hilbert space as
a Kahler manifold and reformulated quantum mechanics from Hilbert space to over this special Kéhler
manifold. We have also extended their work to a general Kéhler manifold but for the lack of space we
postpone it to future publishing, inshallah.

2 Definition of QHDS

Definition 1 A gquantum Hamziltonian system (QHS) is a Hamilto-
nian dynamical system over a Poisson manifold M whose Hamiltonian is of
the following form
H =" E,lu,|? (251}
—_— h
gl
for some sequence

El < Fs < E;; SR (22)

in the range of H, called eigenvalues such that for any sequence c, of
complexr numbers,

\ 2 ; \ 2 ; o €
Y Cn < L == FErlex = S, (2.3)
L £

n n
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there exist some compactly-supported differentiable complexr-valued functions
U, : M — C, called eigenfunctions. satisfying

thiu,, H}Y = E, u; (2.4)
and moreover, there exist states &, = M. called ertgenstates. such that
Un(&m) = Omn- (2.5)
Proposition 1
ih{u, H} = Fu (2.6)

then E is real, |u| is conservation law for H and for any orbit £(t) of H we
have —

w(£(t)) = u(£(0))e = (2.7)
Conversely, if (2.7) holds for all orbits then u is an eigenvector for H with
real eigenvalue E.

3 Motivation from quantum mechanics

In this section we translate quantum mechanics from the language of complex-

Hilbert-linear-space states. Hermitian-linear-operator Hamiltonian and Schroc
equation dynamics into the language of real symplectic-(more generally Poissom
manifold state, real-function Hamiltonian and Hamilton-equation dynamics.

It is known that the canonical symplectic form of RY x RV can be translated

to the symplectic form Q(v, w) := —2Im<=v, w> over CV.

Theorem 2 Consider a separable Hilbert space H. We regard H as a real
symplectic manifold, under the following symplectic form
Q(v,w) := —2hlm<=v, w=. 3-1)
To each Hermitian linear operator A over H we associate the real function
<A>(v) := <y| Alv=>, Vi e H, (3.2)

called expectation-value function. Here we have used the Dirac bra-ket nota-
tion., i.e. < Alib=> = <=, AvYp>. The associated Hamiltonian vector field is
nothing other than A itself over ih

i
R
The Poisson bracket of two functions =A== and =B=>=. where A and B are
two Hermitian operators, satisfies in

{<A>,<B>} = <|A, B]>. (3.4)

X’i44;‘- — A. (3‘3)

The Schrodinger equation )
ihy = H (3.5)
for a given Hamiltonian operator H is nothing other than the Hamilton equa-

tion )
Y =X g (3.6)

for the Hamiltonian <=H = function over (H,<2).
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For the proof see [1, 5]. We call ‘H equipped with the canonical symplectic
from (2, as canonical Hilbert-symplectic manifold.

Theorem 3 Let H be a complexr Hilbert space and {1,} be an orthonormal
basis for H. We construct coordinate function

Un () = <, YP>=. (37)
which is nothing other than the bra <i/,,| in the Dirac notation. Then for any
Hermitian linear operator A, whose eigenvectors are t,. i.e. Av, — anptn,
we have

<A = Zanvuné2 E (3.8)
|ir{<A>,un} = anunl, (3.9)
Up(Ym) = dmna <A>(d)n) = Qn (310)

and for any sequence ¢, of complexr numbers,

Z‘C"QQ < o0 ==> Zan;cn:2 < oo. (3.11)

4 Qualitative Study of a QHS

Definition 2 Consider a quantum Hamiltonian H with eigenvalues and eigen
functions E,, and u,.

i) A stationary state of H is a state & € M for which there exists an index
m such that if a,, + a,, then u,(£) = 0 and moreover u,,(£) + O.

22) The average-value function of H is the function

H(E) Ena'nlun(g):2
@HD(‘E) e Zn'u"n(g)? - Zn un(é)f2

with the domain including all & such that not all u,(£)’s vanish simultane-
ously.

(4.1)

For an stationary state £ as in the above, if £(#) is the orbit of H with the
initial condition £(0) = &, then for any index n such that FE,, + E,,. we have

_ iEt

and u,,(&(t)) = e & u,, (&) + 0. Thus when FE, # FE,, the wave u,, is off
over the orbit £(¢#) and when FE,, — FE),,. at lest one of waves wu,, for example
U, is on over &(1).

Theorem 4 A state £ is stationary state of E if and only if it 1s a stationary
point (eritical point) of the average-value function THD.

The proof uses the Hilbert space machinery, since the author does not know
any direct proof of this assertion. This is an instance of showing that quan-
tum mechanics is a machinery for studyving classical mechanics by embedding
the classical states in a Hilbert space and use the huge capacity which is avail-
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able in a Hilbert space. To start, we introduce a bridge between QHDS and
standard quantum mechanics. Namely. for each quantum function over phase
space M we assign a complex Hilbert space and a Hermitian linear operator
with the same eigenvalues and we recover also the Schrodinger equation.

Theorem 5 For any quantum function f = > an|u,|? with stationary states
&, over phase space M we associate a complexr Hilbert space H and a Her-
mitian linear operator f such that a, are eigenvalues of f and corresponding
etgenvectors v, form an orthonormal basis of H and we assign the map

®: M — H, B(&) := D un(£)Yn (4.3)
which satisfies in -
ih{®, f} — F. (4.4)
F= =B[f5=, (4.5)
and
P(&n) = Pn. (4.6)

Moreover, if f = H is the Hamiltonian of the system then the solutions &£(t)
of the Hamilton equation for this Hamiltonian are mapped to the solutions
W(t) = P(£(t)) of the Schrodinger equation for the Hamiltonian operator H .
is inconsistent with the other conditions defining a quantum Hamailtonian and
the assumption of existence of stationary states.
|

Discussion. In this paper we proposed the PDE (5.4) which is going to
resolve the probability from the standard quantum theory. Our main task is
to solve this highly nonlinear PDE for unknown & : M — H and for given
Hilbert space H. Hermitian operator A and symplectic manifold M and to
check if the solution ® produces a quantum function which satisfies in the
principles of DQM.
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Charge-conjugation invariance of the Lorentz violating QED in various dimensions

Masoumeh Ghasemkhani, Zina Haghgouyan

Department of Physics, Shahid Beheshti University, 1983969411, Tehran, lran
Abstract

In this paper, we consider electrodynamics (QED) in very special relativity (VSR) framework in various
dimensions. First, we examine the charge-conjugation symmetry of the action at classical level and show that the
action in this framework is charge-conjugation invariant. Then, in order to investigate perturbatively the
preservation of charge-conjugation symmetry at loop (quantum) level, we shall focus on one-loop graphs with
odd number of photon's external lines. To this end, we use the effective action approach to obtain the general
form of the photon's odd-point function in d=2, 3,4 and study the amplitude of the one and three-point function of
the photon. Our results show that the total amplitude of the one and three-point functions independently of the
space-time dimension vanishes and hence the charge-conjugation symmetry is preserved at quantum level too.

key words :charge-conjugation invariance, QED, violation of Lorentz symmetry, photon's odd-point functions.
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Theory of damping: density operator approach withotatingwaveapproximation

M arashinasab, Allahkaram; Tavassoly, M ohamad K azem
Optic and Laser Group, Faculty of Science, Yazd University

Abstract

In this paper, we consider the field (and also a two-level atom) interacting with a reservoir (dissipative
environment). The reservoir contains a large number of oscillators and plays the role of damping. So far, in this
damping approach,which leads to the master or Lindblad equations, the rotatingwave approximation (RWA)
terms are taken into account, i.e. the counter rotating terms are ignored. Our aim is now to obtain the master
equation beyond RWA (obviously we choose the density operator approach). Note that, we consider the
sgueezed and thermal reservoirs. Finally, we apply our approach to a smple atomic damping example.

Keywords: Field damping, Atomic damping, Generalized master equation, Atom- field interaction.
PACSNO.: 32
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Temperature dependence of lipid vesicle surface fluctuations

Ghanbari-Kashan, Samaneh”; Nikoofard, Narges

Institute of Nanoscience and Nanotechnology, University of Kashan, Kashan
Abstract

Biological membranes are ubiquitous in life and form the covering through which cells and organelles interact
with their surroundings. In the case of closed membranes, lipid bilayers composed primarily of phospholipid
molecules often form closed vesicles that can considered a lipid vesicle as its simplified model. These
membranes are highly sensitive to heat, and therefore, it is important to quantitatively analyze the increase in
fluctuations of lipid vesicles due to the increase in temperature, which lead to the rupture of these membranes.
In this research, the past theories about the dependence of thermal fluctuations on vesicle size and temperature
have been reviewed, and at the same time, using coarse-grained molecular dynamics simulation, the effect of
temperature increase on the stability of polylipid vesicles has been investigated. The simulation results do not
agree with the theory, which shows that the simulated system is out of equilibrium.

key words: Lipid vesicle, Temperature, Simulation, Surface fluctuations, Equilibrium, Biological membranes.
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